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w∈Π
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(X, d)
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ρ
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x0 ∈ X
>@=?�

D(x0; ρ) = {x ∈ X : d(x, x0) 6 ρ}
p'q[ý%r0s�~°s�wör�oRû��öû �X�H

(X, d)
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r(K)
=�k����0��1������	����

�"!
K diamK
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r(K) = inf{ρ > 0 : K ⊆ D(x; ρ), x ∈ X},
diamK = sup{d(x, y) : x, y ∈ K}.
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diamK 6 2r(K)
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diam stΠ F 6 diamF,
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Π
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 B ß0^`k?�OK��?l`�6:LK2aÂ¾×PO\[a�»;>]=��©��CD¾×E`��:+a]:Lk�PO^`POk�a@^GE�¹v½?E`k�:LPRHS:�·�:+_J^`>Il��X�H
Rn =

Rn−1×R »°�[_W=�K Π = Rn−1 =?k lo = R
»°P¥¼eK

o
:LK0=?KD^Gk�=Q^

Rn
l�Í2X

F
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stΠ F

l�A2^B\eXYE�HS:+K#HS^`>@>]:��O�OPO\[a]:+K
¹v=�K

(w,α)
=�k

(v, β)
lRÍ)_J>Il

d((w,α), (v, β)) = diam stΠ F,
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w, v ∈ Rn−1 =?k α, β ∈ R l0XeH�=�>QXYK@·�:DCÔHS:m��:IH§%�O\zE`^�HJ^G>@\?:�\?=[=?K@HS^GP¥X°a]:+KI»RHRX6¹|¼eK¿_J^ÎM

d((w,α), (v, β)) =
√
|w − v|2 + (α− β)2,
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stΠ
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Π
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α = ±σw, β = ∓σv.
�X�H

(w, ξw) = min lw ∩ F, (w, ηw) = max lw ∩ F,
(v, ξv) = min lv ∩ F, (v, ηv) = max lv ∩ F.

Í2X6kW¾¿EGHS:LK
ηw − ξw > 2|α|, ηv − ξv > 2|β|,>¯¼
ηw − ξw + ηv − ξv > 2(|α|+ |β|).�X�H
η − ξ = max{ηw − ξv, ηv − ξw},>¯¼

η
:LK×:LPWa]:LP

ηw
:LE`E`:LK

ηv
»z=�k

ξ
a]^`E`>D_?XYK@:LPRHJ:Ý:LK×:LPWa]:LP

ξv
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ξw
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(w, η)
=�k

(v, ξ)
:LE`E`:LK

(w, ξ)
=?k

(v, η)
^
F
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η − ξ > |α|+ |β|,
=�k

α
=�k

β
�¥XYK9��=zHS>¯XYa9¹v=�KDa]:+k?P�»O¹£¼YK¿_J^

diam F >
√
|w − v|2 + (η − ξ)2 >

√
|w − v|2 + (α− β)2 = diam stΠ F.
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(X, d)
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A ⊆ X
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ε > 0>@\zK@^®_W:+K4_J^

[A]ε = {x ∈ X : d(x,A) 6 ε}.
p'q[ý%r0s�~°s�wöríoRûGF�û ßR=�K¬:+aQ��:+a]K@^`>@\�KD�O�

(X, d)
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X
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E,F ∈ X
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δ(E,F )
>@=��

δ(E,F ) = inf{ε > 0 : E ⊂ [F ]ε, F ⊂ [E]ε}.
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X
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(X, δ)
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K 7→ r(K), K 7→ diamK,
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���������	
X
���+�P�

R X '.$����7���@����	���� BHY)*��

µ
��	I���+?@$*
��7����)*�Z1[9-.?\[

X X 
�$�]��	I���+����-^�G�Y?\[&'.$�K?=��'����I���<-^�:O��������	 X���S��	
lim supµ(Ej) 6 µ(limEj)

ÌË�?lÇâ?Ð
!<$�	&���=68)9��	>'9$��@)9��	V�8������!L_�-`�8�

(Ej) ⊆ X B
CD��)*��
 B A2^Q_J^`>@:LK�¹�½?KD>@aX°a K 7→ r(K)

:LK�\�=?P[a@^GP[�O:LKDaI»×_?:IHüXYa'_J^`>@:èX°a�:LPÀE`^`EGE`:
¾×PRHSK@^`POkèXY¹

K
��:IHS¹v½�K@:LKh:LPåEG^`E`EG:¾×PRHSKD^GPOkèXY¹

r(K)
l¨ñ4_J^G>

E,F ∈ X
=?�O¹�ZzE�HS:+K

δ(E,F ) < ε
»;¹v=�K

ε > 0
»�HRX��¥XYKQ_J^Î»�X°a�¹�=?K2:+a2_J^`EG\e¼YK@E`^`k�a

x ∈ X =?k
R > 0

�[_W=�K
E ⊆ D(x;R)

kW¾¿EGHS:LKI»¥X°a
F ⊆ D(x;R + ε)

l¥ñ4_J^GE`\?:Ua)·�:+aÔZJHS:LK¬X°a

r(F ) 6 r(E) + ε

_W:IH�XYa9·[Zza@a@:�K@=�E`EG:LK9¹�=?K
E
=�k

F
»S¹£¼eK¿_J^�E`^`k?:+EG:IHS:+>�»�X°a

r(E) 6 r(F ) + ε

VS¼6HRX
|r(E)− r(F )| 6 ε,:LK

K 7→ r(K)
\?=?PWa]^`Pz�O:LKDaIl

§¨¹�a@:LK6>¯XY����:��OK@^`P Ê ^`�å_J^`>@:L>6Pz��X°a K 7→ diamK
:LKh\?=�P[a]^`Pz�O:LKËa�l��X�H�^`k�:LP

E,F ∈ X
=?�O¹�ZJEGHS:6XYa

δ(E,F ) < ε
»¥¹�=?K

ε > 0
l;ÍÝX��¥XYK¬_z^%X°a

E ⊆ [F ]ε
»��[_z^GE`\?:+a

��:IHS¹�½?KD:LKI»RXYa
diamE 6 diam [F ]ε 6 diamF + 2ε.

â



É¿^GE`>D_?XYK@:+PRHS:m¹£¼Y>I»¥X°a
diamF 6 diamE + 2ε,VS¼
|diamE − diamF | < 2ε,�[_?=?KD��:IH�=�k�>Â¼

K 7→ diamK
:LK4\?=?PWa]^`Pz�O:LKDaIl

ÍÝX
(Ej)

:LK�\�=?P[_?:LK@k�:LP[aI»+_J^`>@:L>�HS:LP�>@^�HJ>@a@:BHS:LE[Xe¹zE`:L����Xe:+a�_W:IHmXYa�E�XeHS:
Ej → E

l
ßR=�K�:+a�_J^`EG\e¼YK@E`^`k�a

ε > 0
_J^`E

Ej ⊆ [E]ε
»�¹v=�K�:+am�¥Xe>@>@:LPRHS:�>Da@=?KDa

j
l�ßO=?K�>¯XY����:

j�¥XYK4_J^�HS:LK@¹�=?KL»¥XYa
µ(Ej) 6 µ([E]ε)

»O�[_?=?KD��:IH

lim supµ(Ej) 6 µ([E]ε)

¹v=�K¬XYE`EG:
ε > 0

lRÍQ:LKD¹v=�K9E�X�HS:LK4_z^
ε
kW¼6��=zH�Pz�OE »O�[_?=?KD��:IHèÌD��l â�Ð×:+K9=?�S¹�ZJEGHJa�l

a\b ~°r0s|r���oRû£o�c Ì é�E�Xe> Ê �O\�:L>B�RHJ_?XYE`k?>Þ>¯¾�a]PO^`POk[Ð û,N ��� (X, d)
)9:O	(�>���d�����	���
�'e	���

68)9$�	f�"!(
�-g�U�0�������f$(�ih��A�j	(:O�U
������f���<-g1:O���8����	f��	I'.$�D?@��'���� BkQ �l��	 X X 1:T���8������"!K'.$�D?@��'����m���<-g1:O���8����	m�"!
X X !��=-n��
���:O�����G� B�o �f68)���
 X ��	>'.$�K?@��'�� X ���p��	 X$(��
�[�'.$�K?@��'�� B

CD��)*��
 B �XeH (Ej)
_�¾¿KD:�:LPbÓ4XY� Ê �[Zz¹v½�EGk�:m^ X

»OHJ_J>Il

∀ε > 0 ∃Nε > 0 ∀i, j > Nε : δ(Ei, Ej) < ε.
ÌË�?l Ö[Ð

é�:+a@K¯XYk�a

E =
∞⋂

j=1

∞⋃

i=j

Ei
ÌË�?l á[Ð

�[_?=?K4>Da]KD:Lk�:LP�=°_?:LK4¹v=?KD:LPO^`POk?:+P>DZJ�h·�=�E`^G>@:LKD:LK¬XY¹v>@E`�Sa]PO^`POk?:+PbXe¹�¹v=�K@:LPO^`POk�:LP�lSA2^G>4Pz�
X°a
Ej
\?=�P[_W:LKDk?:LKD:LK9��=JH

E
l

ÍÝX
(Ej)

:LK¿:LP�Ó4XY� Ê �[ZJ¹�½?E`k�:?»S:+K ⋃
i>j Ei

·�:Lk?K]¾¿PO>@:+a4¹�=?K4XeE`E`:
j
»z>¯¼ ⋃

i>j Ei
:LK

:LP�\?=����¥XY\[aI»O^`\z\�:�a@=?�»S��¾¿POk?HS:?l
ßRK¯X�ÌD��lÅÖWÐ×¹|¼eK4_z^

⋃

i>j
Ei ⊆ [Ej]ε ∀j > Nε,

>¯¼
E ⊆ [Ej]ε ∀j > Nε.A2^ö_J^`>@:LK9Pz�
Ej ⊆ [E]ε ∀j > Nε_W:IH�XYa4aÂXYk?:�:+a

x ∈ Ej
»S�[_J^`E`\?:+a)��:LHS¹v½�K@:LKI»RXYa

x ∈ [Ei]ε
¹v=�K¬XYEGE`:

i > j
l¥VS¼

x ∈
⋃

i>k
[Ei]ε =

[⋃

i>k
Ei

]

ε

∀k > j.

Ö



Í¬:LK�\�XYPhHS:LKD¹v=�K�êRPRHS:L>0:+a
yk ∈

⋃
i>k Ei

»�>Â¼
d(x, yk) 6 ε

lYÍ2X
(yk)

:LK�:LP#·�:Lk�K¯¾×PO>@:+a
¹v½�E`k?:=?k

yl ∈
⋃
i>k Ei

¹�=?K�XeE`E`:
l > k

»B\eXeP�_J^4êRPRHS:�:+P HS:LE`¹v½�E`k?:ºXY¹
(yk)

»ÞHS:+K
\?=�P[_W:+K@k�:LK@:LK���=zHÀ:+a��O�OPO\Wa

x0 ∈
⋃
i>k Ei

¹v=�KXeE`E`:
k > j

l9Í¬:+a·�:+aFZSHS:LKX°a
x0 ∈ E

=�k
d(x, x0) 6 ε

»��[_W=�K@��:IH
x ∈ [E]ε

l%VS¼:LPO�W_W:LK�Ó4XY� Ê �WZJ¹v½�EGk�:�^ X
:+K

\?=�P[_W:+K@k�:LP[a�»S�[_?=?KD��:IH
X
:LK9¹v�OEGHS>DaÂ¾×PRHS^`kRl

A2^�XYP[aÂXYk�:LK¿Pz��X°a
X
:LK¿\�=?���¥XY\[aI»J=�kh½?PO>@\?:LK4XYa×_J^`>]:�X°a4=�k�>Â¼

X
:LK×\?=����¥Xe\Wa�l

ñ9_J^`>¬HS:LK):LK):LPRHS:+EG^`k���XYPOk�:-:LE`:L��:+P[a]:LK)^
X
:LK)·�:+_J^`>@:+a¬a@K@^®_J^`:LE`aIlRNQP[aÂXYk�HS:+K@¹v=�KQX°a

HS:+aÞ^`\z\?:):+KBa@^GE`¹£¾×E�HJ:+a�=?kmE�X�H
(Ej)

_�¾¿KD:):LP�¹v½�E`k?:)^
X
»W�W_W=�K

Ej æ :LKDPO:):LKB¹v=�K@>@\?:LE`E`^Gk�:?»=�k�E�X�H
ε > 0

löÍ2X
X
:LKQ\?=����¥XY\[a�»RêRPRHS:+>2:LPb:LPRHS:LE`^`k'=�_W:LK@HR¾¿\[PO^GPOk�XY¹

X
·�:L>Da¯¼°Ù

:LPRHS:hXY¹%��:+a@K@^`>@\?:-\[�Ok?E`:LK
B(xi; ε), i = 1, · · · ,M »¥=�k�HS:L>@�RHS:+Pb�¥XYK

X
��^`PRHS>DaQ:+a

¹v=�KDa¯¾×a@PO^GPOk�>@�O�OPO\[aIl¥Í¬_z>�lOHS:LK4êRPOHS:L>)��^`PRHS>Da):LPHS:+EG��¾×POk?HS:

{xi1, · · · , xil} ⊆ {x1, · · · , xM}
�[_?=?KD=?�/\eXeK]HJ^GP¥XYE`^`a@:+a]:LP

kard

{
Es : Es ⊂

l⋃

k=1

B(xik ; ε), Es ∩B(xik ; ε) 6= ∅ ∀ik
}

= ℵ0,

�[_?=?K ℵ0
:+K9\eXeK@HS^GPRXeE`^®a]:+a]:+PºXY¹�HS:�P¥X°a]�OKDEG^`k�:�aÂXYE l�VS¼6¹�=?K)XeE`E`:

Es
�¥XYK4_J^

Es ⊂
l⋃

k=1

B(xik ; ε) ⊂ [Es]2ε.

0XeH
Ei
_�¾×K@:¬:LP�¹v½�EGk�:¬^

X
»W=?k->¯¾×a

Ei;0 = Ei
l[N¬P[aÂXYk

(Ei;N)
:LK�:LP�HS:LE`¹v½�E`k?:ÝXY¹

(Ei)
lSA�¾×EGk�:LP�HJ:LEG¹�½?E`k�:

(Ei;N+1)
Xe¹

(Ei;N)
:L¹�a]:+K9>¯Xe����:��OKD^GP Ê ^G��>]=�� Es

»S��:LP�^
¹v=�K@�O=�EGH�a@^GE

(Ei;N)
^�>@a@:IHS:+a)¹�=?K

(Ej)
l¥àQk�E�XeH

εN = 1/(N + 1)
lO�X�H

GN+1 =

ln+1⋃

k=1

B(xik;N+1
; εN ).

Í2X6¹|¼eK4_z^
Ei;N+1 ⊂ GN+1 ⊂ [Ei;N+1]2εN ,�[_?=?KD��:IH

δ(Ei;N+1, GN+1) < 2εN ,>¯¼
δ(Ei;N+1, Ej;N+1) < 4εN =

4

N + 1¹v=�K¬XYE`EG:
i, j
lO�X�HS:+K4_J^

FN = EN ;N
¹£¼YK4_J^

δ(FN , FN ′) <
4

min{N,N ′} ,

á



>¯¼
(FN )

:LK�:+PäÓ4XY� Ê �WZJ¹v½�EGk�:?l�àQk�HRX�_J^%�¥XeK2_J^`>Da#X°a X
:+K�¹��OEGHS>@a¯¾¿PRHS^`kO»�:LK

(FN )\?=�P[_W:+K@k�:LP[a)=�k�HS:LK@��:IH�·�:Lk�K¯¾×PO>@:+a�l�VS¼
X
:LK4\?=����¥XY\[a�l

p'q[ý%r0s�~°s�wöròoRû£o¥o¥û E�XeH
(X, d)

_?¾×K@:-:+a2��:+a@K@^`>@\�KD�O�»¥>Â¼�XY¹v>@EG�SaDa]:IHS:#=�k�·�:Lk�K¯¾×PJÙ
>@:IHS:6HS:+EG��¾×POk?HS:LK�Xe¹

X
:LK2\�=?���RXe\[a@:?l;ßR=�K2:+a@�[_W:LKËa2\?=����¥XY\[a

K ⊆ X
êOPRHS:L>2:+a

x0 ∈ X
>¯¼h_J^�\eXePHS:+êRPO:LKD:p�.���q$�&
�'�	(��)*�+�>'����.-n���"!

K
>]=��

DK = D(x0; r(K)).

2 qJ{¢{}¤ØoRû oJ�öûsr �������t�j�
µ
��	u���#?@$*
��7����)*�&�[9-v?\[

X X $(�1!<$�	u�9-�-/� x, y ∈ X��'*
��4
�����	(��	m�.��	m���qh�� w���'��7�V$��
Φ : X → X


<$�W
����+����	
x
���+�f�

y X $(�P
�$�xh���)9��	(��	
1[j-d$(�p�"!(
������+��� B N ���#!<$�	m���k�j��)9��� K ∈ X

��:�-/���

M(K) = {F ∈ X : µ(F ) = µ(K), µ([F ]ε) 6 µ([K]ε) ∀ε > 0}, ÌD��lG�Ld[Ð
N(K) = {F ∈ X : µ(F ) > µ(K), diamF 6 diamK}. ÌD��lG���°Ð

Q � yz�+����
&��� E ∈M(K)
$(�p���

E ′ ∈ N(K)

�[

r(E) = min
F∈M(K)

r(F )
$(�

r(E ′) = min
F∈N(K)

r(F ).

CD��)*��
 B Í2Xh_J^�^�·�:Lk?k�:�a]^`E`¹£¾¿EGHS:m½?PO>@\�:LK¬XYa9êRPRHS:m:LP���^GPOHS>@a@: r(F )
»O:LK)HS:+a)PO=�\�X°a

\z^`\z\?:��R¼
F ∈ X

�W_W=�K
r(F ) 6 r(K)

l
ÍÝX#_J^��¥XYK)XeP[a¯Xek�:+a¬X°a¬HS:+K4êRPRHS:L>9:+P���¼YE®ÙB=?k�XY¹v>DaÂXYPRHS·�:+_�XeKD:LPRHS:m¹��OPO\[a]^`=�P

Φ
»

>@=?�/>@:LPRHS:LK
x
a]^`E
y
¹v=�K¬XYEGE`:

x, y ∈ X »O:LK9HS:+a)PO=�\�XYa9>@:��¥¼

H = {F ∈ X : F ⊆ DK}.
é�:L��¾¿K@\'XYa

H
^G¹�½?E`k�:m>¯¾×a@PO^`POk�?l`�Id6:LK9\?=����¥XY\[a�l

ßR=�K¬XYa4_J^`>@:�ÌË�?l`�IdWÐ¿�XeHS:LK4_J^

M0(K) = H ∩M(K),

=�k

α = inf
F∈M(K)

r(F ) = inf
F∈M0(K)

r(F ).

Í¬:LK#êRPRHS:L>6:LPå¹�½?E`k?:
(Fj) ∈ M0(K)

»0�[_W=�K
r(Fj) → α

¹v=�K
j → ∞ l%Í2X Fj ∈

Mo(K) ⊆ H
»�EG^`k�k?:LK

Fj
^ÞHS:+a-\?=����¥XY\[a]:�K@�O�

H
l0VS¼'_J^B\eXeP}êRPRHS:�:LP¢HS:LEG¹�½?E`k�:

Ek
Xe¹
Fj
»J>]=��/\�=?PW_W:LK@k�:LK@:+K4��=zH':+a

E ∈ H
lOÍÝX

F 7→ r(F )
^G¹�½?E`k?:ÝE`:L����X'��lÅáh:LK

\?=�P[a@^GPz�O:+KDa�»?:LK
r(E) = α

l?AQ^¥>@\eXYE�HS:LKD¹v=�KB_J^`>@:QXYa
E ∈M(K)

l[ÍÝX
µ(Ek) = µ(K)¹v=�K¬XYE`EG:

k
»Sk[¾×E�HJ:LK¬HS:+K9^G¹�½?E`k�:�ÌD��l â�Ð4X°a

µ(K) 6 µ(E)
l

ÍÝX
Ej

\�=?P[_?:LK@k�:LK@:LK4��=JH
E
k[¾×EGHS:LK

∀ε > 0 ∃J > 0 ∀j ≥ J | E ⊆ [Ej]ε

�Id



ñ):LK]Xe¹��¥XeK¿_J^
[E]h ⊆ [Ej]ε+h ∀h > 0

=�k�HS:LKD��:IH
µ([E]h) 6 µ([Ej]ε+h) 6 µ([K]ε+h).Vz^GHS>Da]:#�OEG^`k��O:IHºkW¾¿EGHS:LK2HRX

Ej ∈ M0(K)
l;�XeHS:LKQ_J^

ε → 0
¹£¼YKQ_z^Î»öX°a

µ([E]h) 6
µ([K]h)

¹�=?K6XYEGE`:
h > 0

»�E�XeHS:LK#_z^�=?k�>¯¼
h → 0

¹£¼YK-_J^ »%X°a
µ(E) 6 µ(K)

»0HJ_J>Il
µ(E) = µ(K)

»S�[_W=�K@��:LH'_J^��¥XeK¿_J^G>DaI»¥X°a
E ∈M(K)

=�k�HS:LK@��:IH�:LK-ÌD�?l`�IdWÐ�_J^`>Da�l
ßR=�K¬XYa4_J^`>@:�ÌË�?l`�?��Ð×E�XeHS:LK4_J^

N0(K) = H ∩N(K),

=�k

β = inf
F∈N(K)

r(F ) = inf
F∈N0(K)

r(F ).

N(K)
\eXeP�=�k�>Â¼h>]\[K@^®_W:L>

N(K) = µ−1([µ(K),∞[) ∩ diam−1([0, diamK])

Í2X
µ : X→ R

=�k
diam : X→ R

:LK4\?=�P[a]^`Pz�O:+KDa]:?»J=?k
[µ(K),∞[

=�k
[0, diamK]:LK2Xe¹�>@EG�SaDa]:IHS:?»¥:LKQ=�k?>¯¼

N(K)
XY¹v>@EG�SaDa]:+aIlöÜ)�b�¥XYK)_J^�XYa

H
:LKQ\�=?���¥Xe\[aQ=�k

N(K):LK)Xe¹�>]E`�Sa@a@:+a�»S>Â¼
N0(K)

:LK9\?=����¥XY\[a�l
ÍQ:LKQêRPRHS:L>Ý:LPº¹v½�EGk�:

(F ′j) ∈ N0(K)
�[_W=�K

r(F ′) → β
¹v=�K

j → ∞ l�Í2X F 7→
diamF

:LK#\?=?PWa]^`Pz�O:LKDa#^G¹�½?E`k�:'E`:L����X¢�?l á�=?k
N0(K)

:+Kh\�=?���¥Xe\Wa�»�êRPOHS:LK#_z^�Pz�
:LPäHJ:LEG¹�½?E`k�:

E ′k
XY¹
F ′j
»�>@=?��\?=�P[_W:LKDk?:LKD:LKm��=JH

E ′ ∈ N0(K)
l0Í2X

F 7→ r(F )
:LK

\?=�P[a@^GPz�O:+KDa�»S:LK
r(F ′) = β

=�k
E ′ ⊆ N0(K) ⊆ N(K)

l
p'q[ý%r0s�~°s�wör oRû£oJþ�û Õ2^®_W:+aÞa]=#�S�OPO\[a]:LK

x, y ∈ R
»[�W_W=�K

x 6= y
lz�XeH

l
_�¾¿KD:¬:LP�EG^`PO^`:

HS:LK¿>@\�¾×K@:LK
x
=�k
y
»J=�k

p = 1
2
(x+ y)

�O�OPO\[a]:Ua9�¥¼
l
��:IH�>¯Xe����:mXY¹v>DaÂXYPRH�a@^GE

x
=�k

y
l;Í2X�\eXeEGHS:LK)_J^�:LP��[ZJ��:+K@�OE�XePºHJ:LK¬>]\e¾×K@:LK

p
=�KDa@=?k�=�P¥XeE��¥¼

l
¹v=�KI
V?@�7w�- ?�-/���+���P!<$�	

x
$(�
y
l

é�:L��¾×K@\;»Þ�[_J^`>
x, y ∈ S

»Þ�[_W=�K
S
:LK�K¯XYPRHS:LPÀXe¹

DK

¹�=?K
K ∈ R

»×HRX¢kW¼YK
>@��:DCÔE`�OE�XePO:LP¹�=?K

x
=�k

y
k?:LPOPO:+� Ê :LP[a]KD�O��XY¹

DK

l
2 qJ{¢{}¤�o¥û£oW��û#r ���A���

K 6= DK
!<$�	����

K ∈ R X $(�p-n��� S )9:O	(�I	(���+�����q�"!
DK

Br �@�����
D(x; ε) ∩ S ⊆ S\K !<$�	{���

x ∈ S\K $(�|���
ε > 0 X $(�})9:,-`� x′ ∈ S!<$�	�
�'.��-�-^�G�>!�	(�

x B N ��� Π
)9:O	(�&
A?@�7w�- ?+-/���+���1!�$�	

x
$(�
x′ X $(�~-/��� K ′ = stΠK

BkQ ��8:,-/����	

S\K ⊆ S\K ′ ÌD��lG�IcWÐ
D(x′; ε) ∩ S ⊆ S\K ′. ÌD��lG�Ln[Ð

�?�



CD��)*��
 B NQPWaÂXYk¬X°a Ê :LPWa]K@�O� XY¹ DK

E`^Gk�k�:LK�^�=?KD^Gk�=9=�kR»IXYa
x
�¥XeK���=?>@^®a]^®_W:¨\?=z=�K]HJ^GP¥X°a]:LKL»

=�k�:LK)�OE�X Ê :LK@:+a)>Â¼YE`:IHS:L>)^�¹�=?KD�O=?EGH�a]^`E x′ X°a Π = {xn = 0} lR«mXeP�_J^�_J^`>]:�ÌË�?l`��c?Ð×=?kÌD��lG�LnWÐ×^�HJ:+a@a]:Ýa@^GE`¹£¾×EGHS:?»Ok[¾×E�HS:+K)HS:m=�k�>Â¼h¹v=�K
K
l

A2^%�¥XYK
S = {‖x‖ = r(K)} l��XeH a+ = (w, xn)

_?¾×K@:6:+a��O�OPO\[a�^¨HS:LP¢¼Y·OPO:
��¾×POkWHJ:

S\K »0=�k a− = (w,−xn)
»0�W_W=�K

w ∈ Π
»���:IH ‖w‖ 6 r(K)

l¨àQkºE�XeH
xn =

√
r(K)2 − ‖w‖2

l¥Í2X
S\K :+K¬¼Y·�:LP�»O�¥XeK¿_J^�X°a¬HS:LK¿êRPRHS:L>):Ua

δ > 0
»O>¯¼

D(a+; δ) ∩K = ∅.
Õ2:LPO\eXYE�HS:+KQ_z^0>Da@½?KDK@:LE`>]:+K@PO:#¹vK]X�HS:+êOPO^`a@^G=�På��lÅn�=��ðV[a]:L^`PO:LKD>@Zz����:+a@K@^`>]:LKD^`POk?:LP�»¥¹£¼eK
_J^

lw ∩K ⊆ [−xn, xn − δ],�[_?=?KD��:IH
v1(lw ∩K) 6 v[−xn, xn − δ] 6 2xn − δ < 2xn.VS¼

σw < xn
»O�W_W=�K@��:IH

({w} × Iw) ∩ S = ∅,
>¯¼
a+, a− ∈ S\K ′ leÍ2X a+ :LK%XYK@·O^®a]K]¾¿KL»�¹£¼eK�_J^;ÌD��lG�IcWÐ�=�k�ÌD��lG�Ln[Ð�=?�O¹�ZJEGHJa�¹v=�K K l
§¨PRHSPz��:LP�_J^`kea]^`k�:Lk�:LPO>@\�XY·¹�=?KQVWa]:L^`PO:LK@>DZJ����:+a]KD^G>@:LK@^`POk�:LP:+K

2 qJ{¢{}¤üoRû o��öûKN ���
K ∈ R X $(�����@����� K 6= DK

BZQ �>yZ�+�.��
����K���+���<-^�/�9�K�������j-68��?@��	�?�-/���+��	
Π1, · · · ,Πk


�[

r(stΠ1 ◦ · · · ◦ stΠk K) < r(K).
ÌË�?l`�L�[Ð

CD��)*��
 B �XeH S _�¾×K@:¬K¯XYPRHS:LP�XY¹ DK

lzj�a]^`E`¹£¾×E�HS:Ua¿�[_W=�K
K ∩S = S

»?_J^GE�:LP�_J^GE`\e¼YK@E`^Gk
V[a]:+^GPO:LKD>DZJ����:+a@K@^`>@:LK@^`POk>@:LPRHS:�HS:+a-�[�OEÞHS:LKm��¼�_�¾¿KD:�^

K
»�HRX

K 6= DK
»��OH}a]^`E

\eXePWa]:LPäXY¹
K
»��[_?=?K@��:IH

stΠ K ∩ S 6= S
l�ÍQ:+am:LKmHS:LK@¹�=?K�PO=?\�XYam>@:��¥¼�a]^`EG¹|¾¿EGHS:+a

K ∩ S 6= S
l

é�:L��¾×K@\¢XYa6HS:+ahk?^®_W:+Kh��:LPO^`POk�XYah>¯Xe����:LPO>¯¾×aDa]:�V[a]:L^`PO:LK@>DZJ����:+a]KD^G>@:LKD^GPOk�:LKI»
HRXäV[a@:L^GPO:+K@>DZJ����:Ua]K@^`>@:LK@^`POk�:LP�Xe¹2:LP�\?=����¥Xe\Wa���¾¿PSkWHS:?»B>@:LE®_�:LK�\?=����¥XY\[a�lÞÍÝX
S\K :+K¬¼e·�:LP�êRPRHS:L>9:+a

x ∈ S =?k�:+a ε > 0
»S>¯¼

D(x; ε) ∩ S ⊆ S\K
Í2X

S
:LK4·�:Lk?K]¾¿PO>@:+a)\eXYP�_J^ö_�¾¿E`k�:

xi ∈ S, i = 1, 2, · · · , k, xi 6= x
»S>Â¼

S ⊆
k⋃

i=1

D(xi; ε).

��c



�X�H
Πi

_�¾¿KD:�>@��:DCÔE`�OE�XePO:LPå¹v=�K
x
=?k

xi
l�ßR=�K#:+a6k�^`_?:+a

xi ∈ S
»�¹£¼YK#_J^×HRXS»0^`¹v½�E`k?:

E`:L����X'��lG�+�R»RXYa
D(xi; ε) ∩ S ⊆ S\ stΠiK

l

"!
# ��q qq

K

x

xi "!
# � � ��
q qq

stΠi K

@
@
@@

li Πi

p p p p p p p p p p p p
p p p p p p p p p p p p
p

ÌD��lG�IfWÐ
É�XYk?:+K2_J^�P[�¢V[a@:L^GPO:+K@>DZJ����:+a@K@^`>@:LK@^`POk�:LPèXe¹�XeE`E`:

Πi
»;¹£¼YKQ_J^�:LP�\�=?���¥XY\[aÝ��¾×POk?HS:

HS:LK9E`^`k?k�:LK9^`PRHS:LP�^
S
»¥XYE®a]>¯¼

(stΠ1 ◦ · · · ◦ stΠk K) ∩ S = ∅,
ñ9_J^`E`\?:+a9·�:+_J^`>]:+K#ÌË�?l`�L�[Ð×>@=��Ï½?PS>]\�:+a�l

ÍQ:+a0\z�OPOPO:B_?¾×K@:�> CÔ=�_za%X°a0>@:��¥¼)�W_W=�K���XePSk?:4V[a@:L^`PO:LK@>DZJ����:+a]K@^`:LK�_J^[>@\eXeE[·OK@�Ok�:
¹v=�KÞXYa

r(stΠ1 ◦ · · ·◦ stΠk K) < r(K)
^OE`:L����X���lG�IfSl?�XeH�=?>B\eXeEGHS:¬XYP[aÂXYEGE`:+a×XY¹�V[a@:UÙ

^`PO:LK@>DZJ����:+a]KD^G:LK2_J^¨>@\eXeE¨·OKD�Ok?:�¹v=�K
α
l�Í2XV[a]:L^`PO:LK@>DZJ����:+a]KD^G>@:LKD^GPOk�:LPè��Xe\z>@^`��XYE`a

\eXeP�¹�=?K@HS=?·OE`:m��¼eE`:+aQXY¹
S\K »S��¼

vn−1(S)

vn−1(S\ stΠ K)
6 2α−1,

�[_?=?KmHS:LKm\z�OPè\�XYP}_?¾×K@:�E`^Gk��O:IH}_?:IH
α = 1

»�HRX
S
:LK#¼e·�:+P�l�A2^¨>DaÂXYKDa]:LK���:IH}:LP

V[a]:+^GPO:LKD>DZJ����:+a@K@^`>@:LK@^`POk6Xe¹�«�»[¹v=�K¿XYa×�OPRHJk[¼m>@^`a@�¥XYa@^G=�PO:LP��[_W=�K
vn−1(S\K)

:+K×Pz�OE
�OPRHS:LK)XeP[a¯Xek�:LE`>@:LPbXYa

K 6= DK

l
ñQXeK¿��XeP':LPXe¹v>@E`�Sa@a@:+a9\z�Ok�E`:�^

Rn
��:IH'K]X�HS^`�O>

ε
»S\z�SPOPO:Ý_J^ö>Da]^`EGE`:Ý=?�OkWXL_W:LPX°a

êRPRHS:Þ:+a0��^`PRHS>Da]:×XYP[aÂXYE[>¯¼�HRXYPOPO:�\z�Sk?E`:LK0HS:LK�>@\�XYE[·OKD�Ok?:L>�¹v=?K�X°a0=�_W:+K]HR¾¿\[\?:ÞK¯XYPRHS:LP
XY¹�:LP>Da]½�K@K@:�\z�Ok?E`:m^

Rn
��:IH�K¯XeHS^`�O>

r(K)
l¥«mXYEGHS:LK9_J^�HS:+a@a@:ma¯XeE�¹v=�K

Nε(K)
»S_W:IH

_J^�Pz��=��
α
»¥X°a

1 + log2

(
vn−1(S)

vn−1(S\ stΠ K)

)
6 α 6 Nε(K).

A2^;>@\eXeEö^`\z\�:QêRPRHS:
Nε(K)

�O:LKI»J��:LP'E�X�HS:LK¿=��OkWXI_?:LP'>@a¯¼6¼Y·�:LP�l
Nε(K)

:LK¿:LP'�O½�Cãa
>¯XYaI»O��:LP�>@^G\[\?:LK9k�K¯¾×PO>@:�¹v=�K

α
»O>@=?�/�h�Ok�E`^Gke_J^`>)\eXeP�=��Sa]^`��:LKD:L>Il

A2^�>@\eXeE�Pz��>@:�E`^�HJa)�¥¼h\z�Ok�EG:LP�^�§%�O\zE`^�HS^`>@\'KD�O�l
ù wR~I¤O~°s�w;r�oRû£o�3�û

ωn
:LK¨HS:LP

n
ÙFHS^`��:LPO>@^G=�P¥XYEG:¿_?=?E`�O��:LP�XY¹��+PO�O:IHS>@\z�Ok�EG:+P

Bn
^
Rn
l

A2^�\eXYPb>@\zKD^`_?:m_W=�EG�O��:LP�XY¹%:LP
n
ÙFHS^`����:LPO>@^`=?PRXeE�\z�Ok�E`:

B
^
Rn

��:IHK¯XeHS^`�O>
ρ>@=?�

Vn(Bρ) =
Γ(1

2
)n

Γ(1 + n
2
)
ρn =

2π
n
2

nΓ(n
2
)
ρn.

ÌD��lG�L±WÐ
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ñ9_W=�K
Γ
:LK)HS:+P>¯¾¿HJ_?XYPOE`^Gk�:mkWXe����Xe¹��OPO\[a]^`=�P

Γ(x) =

∫ ∞

0

tx−1e−tdt = 2

∫ ∞

0

t2x−1e−t
2

dt, x > 0

0XeH�PO:L��E`^`k�\z�Ok�EG:LP�^
Rn

_?¾×K@:�k�^®_W:+a9_?:IH

γ(r, θ, z) = (x1, x2, y) = (ρr cos θ, ρr sin θ, ρ
√

1− r2z)

¹v=�K
0 6 r 6 1, 0 6 θ ≤ 2π

=�k ‖z‖ 6 1
»z�[_W=�K

ρ
:+K¿K¯XeHS^`�O>4^;\z�Ok?E`:LP�lzA2^;½?PO>@\�:LK9X°a

êRPRHS:Ý_W=�E`�O��:+a¬Xe¹0\z�Ok�E`:LP�»O=?k�·OK@�Ok�:LK9E`^`PO:�¾¿K4_�XeKD^�XY·�:LE`>@\z^G¹�a�»O�[_W=�K

dV = dx1dx2dy =

∣∣∣∣
∂(x1, x2, y)

∂(r, θ, z)

∣∣∣∣drdθdz,
�[_?=?K |∂(x1, x2, y)/∂(r, θ, z)| :LKÞHS:Ua]:LK@��^GP¥XYP[a@:LP�a]^`E��?X Ê =�·O^`��X°a]K@^ Ê :LP J(γ(r, θ, z))

l

J(γ(r, θ, z)) =




ρ cos θ −ρr sin θ 0 · · · · · · 0
ρ sin θ ρr cos θ 0 · · · · · · 0
−ρr√
1−r2 z 0 ρ

√
1− r2 0 · · · 0lll lll
0

l l l llllll lll lll l l l
0

−ρr√
1−r2 z 0 0 · · · 0 ρ

√
1− r2




,

>¯¼

det J(γ(r, θ, z)) = ρ2r cos2 θρn−2(1− r2)
n−2

2 + ρ2r sin2 θρn−2(1− r2)
n−2

2

= ρnr(1− r2)
n−2

2 ,

�[_?=?KD��:IH
Vn(Bρ) =

∫ 1

0

∫ 2π

0

∫

|z|61

ρnr
√

1− r2
n−2

dzdθdr.

VS¼
Vn(Bρ) = ρnVn(B1) = ρnVn−2

2π

n
.

VS¼#_J^�¹|¼eK

Vn(Bρ) =





ρn (2π)n/2

2·4·6···n n lige

ρn 2(2π)(n−1)/2

1·3·5···n n ulige.
ßR=�K

n
EG^`k�:?»O¹v½?E`k�:LK-ÌD��lG�L±[ÐÞ_W:IHX°a¬HS:LE`:�a¯¾¿E`E`:LK@:LP���:IH

2n/2
l�àQk�HRX

Γ(1
2
n) =

(n− 2)!!
√
π

2(n−2)/2
,

�L�



�[_?=?K

n!! =





n · (n− 2) · · · 5 · 3 · 1 n > 0 ulige
n · (n− 2) · · · 6 · 4 · 2 n > 0 lige
1 n = −1, 0,>@: Ã Òä:L^`>@>@a@:L^`PSÆF»S¹£¼YK4_J^�=�k?>¯¼�ÌË�?l`�I±WÐ×¹�=?K

n
�OEG^`k�:?l

a\b ~°r0s|r���oRû£oUE ÌÎÍ¬:LP�jã>@=zHS^�XY��:+a@K@^`>]\�:m�SEG^`k��O:IH¥Ð û

vn(K) 6 ωn

(
diamK

2

)n
, ∀K ∈ R.

ÌË�?l`�°â�Ð
CD��)*��
 B ÕQ:LPO\�XYEGH E ′ ∈ N(K)

¹vK]X�EG:+����Xº�?l`��cJ»ö�[_W=�K
r(E ′) = min

F∈N(K)
r(F )

l�é�:UÙ
��¾×K@\'XYa9�[_J^`>

F ∈ N(K)
�¥XYK4_J^ »¥X°a

stΠ F ∈ N(K)
»RHRX

µ(stΠ F ) = µ(F ) > µ(K)
=�k�HS:LK4¹vK¯X�ÌD��l �[Ð×kW¾¿EGHS:LK

diam stΠ(F ) 6 diamF 6 diamK.
NQP[aÂXYk

E ′ 6= DE′
lößRK¯X�E`:L����Xb��lG�If��¥XYK2_z^Î»�X°aÝ_J^���:IHb:LPRHS:LE`^Gk���XePOk�:�V[a]:L^ÚÙ

PO:LKD>@Zz����:+a]KD^`>]:LKD^`POk?:LKQXY¹
E ′
¹£¼YK¬:LP���¾¿POk?HS:

E ′′
»¥�[_?=?K

r(E ′′) < r(E ′)
l;<:LPbHS:Ua

:LK4^���=zHS>Da]K@^GH���:LHHJ:+êRPO^®a]^`=?PO:LPbXY¹
E ′
»S>¯¼

E ′ = DE′
l

A2^��¥XYK)HS:L¹�=?K)XYa

2r(E ′) = 2r(DE′) = diamDE′ = diamE ′ 6 diamK.
VS¼

diamK

2
> r(E ′),

�[_?=?KD��:IH
ωn

(
diamK

2

)n
> ωn(r(E ′))n = vn(E ′) > vn(K),

=�k�HS:LP�^`>]=zHS^�Xe��:+a]K@^`>@\?:��OEG^`k��O:IH�:LK¿_J^`>@aIl

� µL³'3-* �Ïô�3�µ+!-,0&4!#(¢*-¶ ´�&9³ µLô�*-.º&4,�µ+÷ &×50,0µLô�3-& ø (Lµ+¶#$'&9´
A2^O>@\�XYES_J^G>@:)HS:LP�^G>@=���:LK@^`��:+a@K@^`>@\?:9�OEG^`k��O:IH�_?:IH���CD¾¿E`��Xe¹öé�K@�OPOPJÙÔ<^`PO\?=IT¬>@\z^`>Þ�OE`^`keÙ
�O:IH�lR<�:+PE�XeH�=�>9¹v½?KD>Da)>@:�E`^�HJa)�¥¼�<^GPS\?=IT¬>@\z^�XeKD:�XeE`:+aIl
p'q[ý%r0s�~°s�wör�oRû£o�F�û �X�H

K ⊂ R
_�¾¿KD:�\?=����¥XY\[aIl��i���U'.$��z
�'��0��	(���9-/���

Mink(K)HS:+êRPO:+K@:L>)P[��>]=��

Mink(K) = lim inf
h↘0

vn([K]h)− vn(K)

h
.

��f
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é�:L��¾×K@\�¹�=?K
n = 1

:LK
Mink(K) = 2NK ,

ÌD��lG�LÖWÐ
�[_J^`>-«/:LK�:LPè:LPRHJ:LEG^`k¹v=�K@:LPO^`POkbXY¹

NK

HS^G> CÔ�OPS\[a]:�E`�O\z\?:IHJ:�^`P[a@:LKD_�XYEGE`:LKIl�§%EGE`:LK@>m:+K
Mink(K) =∞ l
a\b ~°r0s|r��ØoRû o�M�ûeN �.�

K
)9:O	(���"!L
�-^�U���=�����8�����"!~���&��$�1:T�+�

Ω
�
Rn X 1���l�.-n�j�	(���+�

δΩ X ���S��	
Mink(K) = An(δΩ),

ÌË�?l`�IáWÐ
68)9$�	

An
h������A���+��	m�����

(n− 1) � ��������=
��V$��+�9-/�>
������+����	������V������@�q��	����j- B
Í¬_J>Il¿<�^`PO\?=IT)>@\z^�XYK@:IXeE`:+a�XY¹m:+a�\?=����¥XY\[a

K
»×:LK'E`^Gkå=�_W:+KDÛ�XeHS:�XeKD:�XYEG:+aXe¹

K
l

VS¾�a]PO^`POk?:+Pb_J^GE�^G\[\?:h·SEG^®_W:-_J^G>Da2�O:LKL»���:LPbE�XeH�=?>2\[^G\[\?:#�¥¼�:+a2:L\z>@:L����:LE0=�k�>@:h�¥¼
<^`PO\?=IT¬>@\z^�XYK@:�XYEG:+aQXY¹0:LP�\z�Ok�EG:

Bρ
^
Rn

��:LH�K¯XeHS^`�O>
ρ
l

Mink(Bρ) = lim inf
h↘0

vn([Bρ]h)− vn(Bρ)

h

= ωn lim inf
h↘0

(ρ+ h)n − ρn
h

= nωnρ
n−1

VS¼#_J^�êRPOHS:LK¬XeKD:�XeE`:+aQXY¹0K¯XYPRHS:LP�Xe¹
Bρ

a]^`E

An(δBρ) = nωnρ
n−1.
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NQP[aÂXYk�XYaQ_J^��¥XYK2:LPºKD:L\[aÂXYPOk�:LE���:IHb�O½�CÔHS:
1
=?k�E�¾¿POk?HS:

2π
l�ÍQ:+E�K@:L\WaÂXePSk?E`:+a

=���^
m×n K@:L\[a¯XePOk�E`:LKÞ��:IH��S½�CËHS: m−1 =�k-E�¾×POkWHS: n−1 =�k-\eXYE�H���CÔ½�K@PO:+K@PO:)^¥:Ua¿XY¹HS^`>@>]:6HS:LE`K@:L\[a¯XePSk?E`:LKÝ¹v=�K

A,B,C
=?k

D
löÉ�:Lk�P}HS^�XYk?=�P¥XYEG:LKDPO:�^�KD:L\[aÂXYPOk�:LE

ABCD=���=?k�\�XYEGH���^GHJa]�S�OPO\[a]:+a9^�KD:L\[aÂXYPOk�EG:+a)¹�=?K
X
l�V[:ÝêRk?�OK-ÌË�?lÅcS��ÐUl

D

A

C

B

X
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A2^J·�½�CÔ:+K%Pz�hK@:L\WaÂXYPOk?E`:+a�a]^`EJ:LP Ê ZJE`^GPRHS:+K%��:IH#�O½�CËHS:×=?k2K]X�HJ^G�O>%E`^`k 1
l?Vz:×^Gk�:LP6�¥¼

K@:+\[aÂXYPOk?:+E
ABCD

^0HS:LPb·�½�CÔ:IHS:-_W:LK@>@^`=�P�»�=?k�\eXeEGHb��^�HJa@�O�OPO\[a@:+a2�¥¼�EG^`PO^`:L>DaÔZJ\z\�:+a
AD

¹v=�K
Z
»���^�HJa@�O�OPO\[a@:+a2�¥¼�\z�OKË_W:LP

AB
¹v=�K

W
=�k���^GHJa]�O�SPO\[a]:+a2��:LE`E`:L�

A
=?k

B
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:LKY6=$9-n$�1$�	7!��[_J^`>

f ′(z0) = lim
z→z0

f(z)− f(z0)

z − z0:L\z>@^`>Da]:LK@:+K9¹v=�K¬XYE`EG:
z0 ∈ U

l
ù wR~I¤O~°s�w;r��öûGþ�û A2^¥E�XeHS:LK S _�¾×K@:¬:LP�Û�X�HS:¬^ R3 lSàQk#P¥¼YK S \eXYP�>@\zKD^`_?:L>×>@=��ª>@=?�
:LP�¹v=�K@:LPO^`POk6Xe¹��O=���:L=���=�K@¹v:

σ : U → S ∩W »[�[_?=?K
U
:LKÞ:LP�¼Y·�:LP���¾×POk?HS:Q^

R2 »=�k
W
:+Pb¼Y·�:LP���¾¿POk?HS:�^

R3 »O\eXeEGHS:LK4_J^ σ ¹�=?K4:+a9Û�XeHS:L:LE`:L�#aIl
ù wR~I¤O~°s�w;r���û®��û A2^�E�XeHS:LK

σu =
∂σ

∂u
, σuv =

∂2σ

∂u∂v
.

A2^�K@:L>@:LKË_W:LKD:LK)HS�O>@�RHS:+P
E,F

=?k
G
>Â¼

E = ‖σu‖2, F = 〈σu,σv〉, G = ‖σv‖2,
�[_?=?K 〈σu,σv〉 :+K)HS:+a9^GPRHSKD:m�SK@=JHJ�O\[aQXe¹ σu =�k σv l

c?c



ßR½�K@>Da]:�¹v�OPOHRXe��:+P[aÂXYEG¹�=?KD�Ï\�XYP�Pz��>@\zKD^`_?:L>)>@=��

Edu2 + 2Fdudv +Gdv2.
Ì cSl`�°Ð

p'q[ý%r0s�~°s�wör �öû��öû §¨P�HS^®8;:L=���=?KËê
f : S1 → S2

\eXYE�HS:+>~'.$��*!�$�	� �[_z^G>�HS:LK�¹v=?K
:+a@�[_W:LKËa9Û�XeHS:L:LE`:L��:+P[a

σ1

�R¼ S1

kW¾¿EGHS:LK

ds2
f◦σ1

= λ2ds2
σ1
,

�[_?=?K
ds2
σ

:LK4¹v½?KD>Da]:�¹v�OPRHRXY��:LPWaÂXYEG¹�=?KD� ¹�=?K
σ
»S=?k

λ(u, v)
:LK9:LP�k�E�X°a)¹��OPO\[a]^`=�P�l

A×¾×\¢¹vK]XbP¥XL_JE`:L�O�OPO\Wa]:LK@PO:':LK6:+a6Û�XeHS:L:LE`:L��:LPWa�HS:LKD¹v=�K6\?=�PO¹v=�K@�#aI»0�[_J^`>�¹�½?KD>@a@:
¹v�OPRHOXe��:+P[aÂXYEG¹�=?KD�¸:LK¬E`^`k���:LH

E(du2 + dv2)
¹v=�K¬:LPb��=�>]^®a]^®_k�E�XYaQ¹v�OPO\Wa]^`=?P

E
�¥¼

U
l;Í)_J>Il¥�W_J^G>

E = G
=�k

F = 0
lRA2^�\�XYEGHS:LK¬=?k�>¯¼�:+aQ\?=�PO¹v=�K@�#a)Û�X�HJ:L:LE`:L��:LP[aI»�¹v=�K

:LP�\?=�PO¹v=�K@�/�¥XeK]Xe��:+a]:LKD^G>@:LKD^GPOkOl
a\b ~°r0s|r��'�öûG3�ûkN ���

σ(u, v)
)j:O	(����������=��1�9-^���#��������-/��1������68)j$�	D�D����� � '�	���m�@�����8�����	,!�$�	�
�'.�<-�-g�G�Y!(	����@�U-k$�)j��	��9-^� BdQ �~��	1�D����� � �"!�h���-/���=�����8�������{'.$���!<$�	���"!<h��7-/���@�����

!�	(�
σ
���7-d���}���<-d�"!I���=6=���*
�
7!<:O	(��� B

CD��)*��
 B jãP[_?:LK@>4¹v�OPO\Wa]^`=?PO>@>¯¾×a@PO^`POk?:LP�k�^`_?:LK4=�>�»OXYa9¹�=?K¿:+a9�O�OPO\[a (u0, v0) ∈ R �[_W=�K@^
σ
:LKÞHS:+êRPO:LKD:+a�»�êRPRHS:L>Þ:LP�¼Y·�:LP���¾×POkWHS:

U
HS:LKB^`PRHS:L�O=�E�HJ:LK

(u0, v0)
»?�[_W=�K@�¥¼

σ
:+K

HS:+êRPO:+K@:+a�»�=�k
N
:LK�^`P�CÔ:L\Wa]^®_öl�VS¼

N : U → S2 :LK�:+a�Û�XeHS:L:LE`:L��:+P[a��¥¼9:LPO�O:IHS>@>@¹£¾×K@:LP
S2 l�ÕÝXe�=�YÙÔXe¹�·O^GEGHSPO^`POk�:LP�:LK)HJ:LK@¹v=�K9:LPHS^®8;:L=?��=?KËê�¹�K¯X σ(U)

a@^GE
N(U)

l
A2^�>@\zKD^`_?:LKQÕ�XY�=�YÙÔXe¹�·O^GEGHSPO^`POk�:LP

G : σ(U)→ N(U).

VS¼�¹�K¯X�HS:+êRPO^®a]^`=?PO:+P�XY¹¿:LP¢\?=?PS¹v=?KD��XY¹v·O^`E�HSPO^`POk�_?:IH}_J^Î»�XYahHJ:+a-_J^`EB_?¾×K@:�PO=�\èX°a
_J^`>@:?»¥X°a)¹�½?KD>@a@:�¹v�OPRHRXY��:LP[a¯XeE`¹v=�K@�Ï¹v=�K

σ
=�k

N
:LK9�OKD=?��=�KDa@^G=�P¥XYEG:?l

A2^�>@\zKD^`_?:LK9¹�½?KD>@a@:�¹v�OPRHRXY��:LP[a¯XeE`¹v=�K@�Ï¹�=?K
N
>@=��

〈Nu,Nu〉 du2 + 2〈Nu,Nv〉 dudv + 〈Nv,Nv〉 dv2.

�X�H
FIII =

(
〈Nu,Nu〉 〈Nu,Nv〉
〈Nu,Nv〉 〈Nv,Nv〉

)
,

=�k
FI =

(
E F
F G

)
.

A2^�>@\eXeE�XYE®a]>¯¼h_z^G>@:-XYa FIII = λFI
»S¹v=�K9:LP�k�E�X°a)¹v�OPO\Wa]^`=?P

λ
l

0XeH
FII =

(
L M
M N

)
,

c�n



�[_?=?K
L = 〈σuu,N〉, M = 〈σuv,N〉, N = 〈σvv,N〉,¹vK]X�XYPRHS:LP�¹v�OPRHRXY��:LP[a¯XeE`¹v=�K@��l

ßRK¯X ÃÅÄ K@:L>@>@EG:+Z[Æ��OKD=?��=�KDa@^G=�P�±Sl ���¥XeK¿_J^ »¥XYa
Nu = aσu + bσv, Nv = cσu + dσv,�[_?=?K×Òä:+^GPOkWXYK]HS:LPO��X°a]KD^ Ê :LP

W = −
(
a c
b d

)
= F−1

I FII .
A2^�\eXePHRXh>]\[K@^®_W: FIII >@=��

FIII =

(
a2E + 2abF + b2G acE + (ad+ bc)F + bdG

acE + (ad+ bc)F + bdG c2E + 2cdF + d2G

)
,

:LE`E`:LK9�¥¼�HS:LP�E`^�Hza¬�R¾¿PO:LKD:m¹�=?KD�

FIII =

(
a b
c d

)(
E F
F G

)(
a c
b d

)

A2^�=���>@\zK@^®_W:LK4�RHJa]KËZJ\z\?:Ua)=�k�¹£¼YK
FIII = −W tFI(−W)

= FIIF−1
i FIF−1

I FII
= FIIF−1

I FIIVS¼h�[_J^`> FIII = λFI
»J_J^GE

λI2 = F−1
I FIIF−1

I FII =W2,�[_?=?K
I2

:LK�jFHS:LP[a]^®a@:+a]>@��X°a]K@^ Ê :LP�l¨A2^)>@\eXeEQXYE`a@>¯¼}_J^`>@:bXYa W2 = λI2

»B�[_W=�K
I2

:LK
^GHS:LP[a]^®a@:L>]��XYa@K@^ Ê :LP�lA2^��¥XYK9¹v=�K@�OHS>ÂX°a�»RXYa

κ1 = −κ2 6= 0
»O>¯¼

W = P−1

(
κ1 0
0 −κ2

)
P,

�[_?=?KD��:IH

W2 = P−1

(
κ1 0
0 −κ2

)
PP−1

(
κ1 0
0 −κ2

)
P

= P−1

(
κ2

1 0
0 κ2

2

)
P

= κ2
1P
−1I2P

= κ2
1I2HJ_J>Il�Ò¢:L^GPSk[XYK]HS:LPO��XYa@K@^ Ê :LPä\[_�X�HSKD:LK@:+a#:LK-E`^`kºHS:+PäPO:LkWXYa@^`_?:�Õ�XY�=�eÙã\[K@�O��PO^`POkO»�>¯¼Õ�XY�=�eÙÔXY¹v·O^`EGHSPO^`POk?:LP:LK9\�=?PO¹�=?KD�l

ce�



ù wR~I¤O~°s�w;rò�öû�Eöû �XeH
σ : U → R3 _?¾×K@:6:+a�\?=�PO¹v=�K@�#aÝÛ�XeHS:L:LE`:L��:+P[a�»�HRX�>¯¾×aDa]:LK_J^�HS:+a)\�=?���OE`:L\z>@:Ýa¯XeE

ζ = u+ iv
¹�=?K

(u, v) ∈ U,
=�k

ϕ(ζ) = σu − iσv.
Ì cSlÅcWÐ

é�:L��¾×K@\;»[:LP�¹��OPO\[a]^`=�P
ϕ = (ϕ1, ϕ2, ϕ3)

^
R3 \�XYEGHS:L>×�O=?E`=?��=?KD¹��[_J^`> ϕ1, ϕ2

=?k
ϕ3

^
R
:LK4�O=?E`=���=?KD¹v:?l

a\b ~°r0s|r����öûGF�ûeN �.�
σ : U → R3 )9:T	������>'.$��*!<$�	�P�T���������<-n��1���@� B�Q ����	 σ����@����9-�68)*�4
m$(�P'�����6�)*��


ϕ(ζ) = σu − iσv
��	>6U$9-/$��$�	�!,?@[

U B
CD��)*��
 B �XeH ϕ(u, v)

_�¾¿KD:¬:LP�k�E�XYa�¹v�OPO\Wa]^`=?P���:IH�\?=����OE`:L\z>B_�¾¿K]HJ^Î»W>¯¼
ϕ = α+ iβ�[_?=?K

α = σu
=?k

β = −σv
l

A2^¥·OK@�Ok�:LK×XYa
ϕ
:LKÞ�O=�EG=���=�K@¹ö�[_J^`>�=�k-\z�OP��[_z^G>4Ó¿XY� Ê �[Z[ÙÔÁ4^`:L��XYPOP�E`^Gk�PO^`POk?:LKDPO:

αu = βv
=�k

αv = −βu
:LK4=?�O¹�ZJEGHJa]:?l¥Í)_J>Il

ϕ
:LK9�O=�EG=���=�K@¹0�[_z^G>9=�k�\z�OP��[_J^`>

(σu)u = (−σv)v
=?k

(σu)v = −(−σv)u,
:LE`E`:LK×·OE`=ea¿�W_J^G>�=?k-\z�OP��W_J^`>

σuu = −σvv
»[HRX-HS:LP�XYPRHS:LP�E`^`k?�O:LH'XeE®a]^GH�:LK�=��O¹�ZzE�HJaIl

NQP[aÂXYk
ϕ
:LK9�S=?E`=?��=?KD¹Ô»RHJ_J>

σuu + σvv = 0
l¥Í2X6:LK

〈σuu + σvv,N〉 = 0,

>¯¼
〈σuu,N〉+ 〈σvv,N〉 = L+N = 0.

σ
:LK9\?=�PO¹v=�K@��»O>¯¼

E = G
=�k

F = 0
»O�[_W=�K@��:IH���^GHOHS:LE`\zK@�O��PO^GPSk?:LP

H =
LG− 2MF +NE

2(EG− F 2)

=
LG+NG

2EG

=
L+N

2E
= 0.

VS¼
σ
:LK4��^`PO^G��XeE l

NQP[aÂXYk
σ
:LK9��^GPO^`��XYE l¥Í2X6��¼

L+N = 0
»S�[_W=�K@��:IH 〈σuu + σvv,N〉 = 0

l

c?f



{σu,σv,N
:LK9:LP�·¥XY>@:�¹v=�K

R3 »S>Â¼6HS:+a):+K9PO=?\'XYa9_z^G>@:-XYa

〈σuu + σvv,σu〉 = 〈σuu + σvv,σv〉 = 0.

A2^��¥XYK

〈σuu + σvv,σu〉 = 〈σuu,σu〉+ 〈σvv,σu〉
= 1

2
〈σu,σu〉u + 〈σv,σu〉v − 〈σv,σuv〉

= 1
2
〈σu,σu〉u + 〈σv,σu〉v − 1

2
〈σv,σv〉u

= 1
2
(〈σu,σu〉 − 〈σv,σv〉)u + 〈σv,σu〉v.

<:LPåHRX
σ
:LK#\?=�PO¹v=�K@�»�:LK 〈σu,σu〉 = 〈σv,σv〉

=�k 〈σv,σu〉 = 0
»0>¯¼ 〈σuu +

σvv,σu〉 = 0
l[É4^`E`>@_�XYK@:LPRHS:):LK 〈σuu+σvv,σv〉 = 0

»JVS¼
σuu+σvv = 0

»?�[_W=�K@��:LH
ϕ
:+K9�O=�EG=���=�K@¹Fl

p'q[ý%r0s�~°s�wört�öûGM�û §%P¼Y·�:LP�HS:LE`��¾×POk?HS:
U ⊆ R2 >@^`k?:L>)X°a¿_?¾×K@:&
���D?@�<-�
���m1��� �6=:T���8���+�.���[_J^`>)HS:+a9^GPRHJK@:-XY¹0:LPO�W_W:LK4>@^G����:LE�E`�O\z\�:+a9\z�OKD_?:�^

U
:LK4�O:LE`a9^`PRHS:L�O=�E�HJa

^
U
l

a\b ~°r0s|r��ü�öû o�c�û HY)*�4

σ : U → R3 ��	S���q'.$���!<$�	��?@��	����������	���
���	(��������@����9- ��#�.��� X ���m�8:,-/����	T!<$�	�������6=$j-/$�1$�	�!��O!����U'����V$�� ϕ = (ϕ1, ϕ2, ϕ3)

!�	(��ÌÎcJlÇc?Ð X �j�

(i) ϕ2
1 + ϕ2

2 + ϕ2
3 = 0

(ii) ϕ 6= 0
$�)9��	(�9-��

.

o ��$�m)9���+��� X 68)���
 U ��	l
���K?@�<-�
��������=6=:T���8������� X $(�q68)*��
 ϕ1, ϕ2

$(�
ϕ3

��	
6=$9-n$�1$�	7!<�K!����='����V$��+��	I?@[

U X 
�$� $�?�!(�.-/����	
(i)

$(�
(ii) X �.�myZ�+����
~���t'.$��*!<$�	�?@��	(���������	���
���	(��������@����9- �������

σ : U → R3 
<[
ϕ = (ϕ1, ϕ2, ϕ3)

$�?�!��9-/����	
ϕ(ζ) = σu − iσv

Beo �{6�)*��
 σ $(�
σ̃
��	S��$i
�[��.���@�+�1'.$��*!<$�	�]?@��	����������	���
���	�� ����e����=��1�j- �#���.��	 X ��� yZ�+�.��
m���u��	(���=
�-n�j���V$�� τa �"! R3 X 
�[ σ̃ = τa ◦ σ B

CD��)*��
 B NQPWaÂXYk�X°a σ = (σ1, σ2, σ3)
:LK¿:+P'\?=�PO¹v=�K@� ��^GPO^`��XYE®Û�X�HS:?»J�W_W=�K

σk : U →
R
¹�=?K

k = 1, 2, 3
lzAQ^ö½?PO>@\�:LK4HRX6X°a¿_J^`>]:�X°a

ϕ = (ϕ1, ϕ2, ϕ3)
=��O¹�ZJEGHS:LK

(i)
=?k

(ii)
l

A2^��¥XYK¬X°a
ϕk = σku − iσkv

¹�=?K
k = 1, 2, 3

»S>¯¼
3∑

k=1

ϕ2
k =

3∑

k=1

((σku)2 − (σkv )2 − 2iσkuσ
k
v ) = ‖σu‖2 − ‖σv‖2 − 2i〈σu,σv〉.

Ì cSl n[Ð

<:LPHRX
σ
:LK9\�=?PO¹�=?KD�Ï:LK

ϕ2
1 + ϕ2

2 + ϕ2
3 = 0

l
ÍÝX-¹v½�K@>Da]:2¹��OPRHRXY��:LP[aÂXYE`¹v=�K@� ¹v=�K

σ
\eXeP'>@\zKD^`_?:L>¿>]=��

E(σ2
u +σ2

v)
¹�=?K×:LP'k�E�X°a

¹v�OPO\Wa]^`=?P
E
»R:LK

σ
k�E�X°a�»¥=�k�HRX

σu
=�k
σv

:+K¬E`^GPS:�¾¿KD:#�¥Xe¹��¥¾¿POk�^`k?:?»¥:LK
σ
K@:+k?�OE�¾¿KL»

>¯¼h:LP[a]:LP
σu

:LEGE`:LK
σv

¹v=�K@>@\?:LE`EG^`k�¹vK]X6Pz�SEÎ»O��:LPHRX6:LK4=?k�>¯¼
ϕ 6= 0

=�_W:+K¯XYE`aIl

c�±



NQP[aÂXYk�P[��»�X°a
ϕ
=��O¹�ZJEGHS:LK

(i)
=?k

(ii)
lOA2^�½�PO>@\?:LK¬HRX�X°a)_z^G>@:#XYa

ϕ
:LK)·�:L>Da]:+�#a

_W:IH'=°_?:LPO>DaÂ¼Y:LPRHS:m��^GPO^`��XYE®Û�X�HS:�l
ßR=�K�X°a#_J^`>@:'HS:+aDa]:�>@\�XYEÞ_J^��[�O>]\�:��¥¼J»�XYa#P¥¼eK

h
:LK#:LPä�O=�EG=���=�K@¹4¹v�OPO\[a@^G=�P�XY¹

ζ = u+ iv
:LK

hu = h′
=?k

hv = ih′,
�[_?=?K

h′ = dh/dζ
:LK)HS:LP�\?=����OE`:L\z>@:-X°ÛR:IHS:IHS:#XY¹

h
l

A×¾×E`k
(u0, v0) ∈ U

»Þ=�k�E�XeH
σ
_�¾×K@:bHS:LP KD:L:LEGE`:ºHS:LE2XY¹�:Ua'\�=?���OEG:L\[>@a�E`^`PO^`:

^`P[a]:Lk�K¯XYE
σ(u, v) = Re

∫

π

ϕ(ξ) dξ,

�[_?=?K
π
:LK�:LP#_J^`EG\e¼YK@E`^Gk2\z�OKË_W:×^

U
¹vK]X

(u0, v0)
a]^`E

(u, v) ∈ U leÍÝX U :+K�>@^G����:LES>¯XY�6Ù��:LPO�R¾¿POk�:LPRHS:?»O:+K ∫
π
ϕ(ξ) dξ

»S^`¹v½�E`k?:#Ó¿Xe� Ê �[Z æ >4>¯¾×a@PO^GPOkO»S�¥Xe¹��¥¾¿POk�^`k�Xe¹��[_?=?K@HRXeP
π
:LK2_�XYEGkea�»ö�W_W=�K@��:IH

σ
=?k�>¯¼�:LKÝ�¥XY¹v�¥¾×POk?^`k�XY¹B_�XeE`k�:+a-Xe¹

π
l
ψ(ζ) =

∫
π
ϕ(ξ) dξ:LK4Pz��:LP��O=?E`=���=?KD¹0¹v�OPO\Wa]^`=?P�Xe¹

ζ = u+ iv
»S�[_?=?K

ψ′(ζ) = ϕ(ζ)
l�VJ¼

σu = Re(ψu) = Re(ψ′) = Re(ϕ),

σv = Re(ψv) = Re(iψ′) = −Im(ϕ),

�[_?=?KD��:IH
ϕ = σu − iσv

l
ÍÝX

ϕ = σu − iσv 6= 0
^`¹v½�EGk�:

(ii)
»;:LKÝ:LP[a@:LP

σu
:LEGE`:LK

σv
¹v=�K@>@\?:+EGE`^`k�¹�K¯X�P[�OEÎl

àQkhP¥¼eK×_z^ö>¯Xe����:LPO�O=�E�HS:+K
(i)
��:IH�ÌÎcJlÅnWÐÞ¹£¼YK×_J^ »OX°a ‖σu‖ = ‖σv‖

=�k 〈σu,σv〉 =
0
»%>¯¼

σu
=�k
σv

:LK6·�:Lk?k�:�¹v=�K@>@\?:LE`E`^Gk�:�¹�K¯XbPz�OE »%=�k�=?KËa]�O=�k?=�P¥XYEG:�lÞÍ¬:LKD��:IHå:LK�HS:
=�k?>¯¼'E`^GPO:I¾¿K@:��¥XY¹v�¥¾×POk�^Gk�:?»�>¯¼

σ
:LK�:+amKD:Lk?�OE�¾×KDamÛ¥X�HS:L:LE`:L��:LP[a�»�>]=���HS:L>@�RHS:LPè:+K

\?=�PO¹v=�K@�-a)=�k6a]^`EGE`^`k?:m��^GPO^`��XYE�^`¹v½�EGk�:m>¯¾�a]PO^`POk�cJlÅÖSl
A2^���XYPOk�EG:+K¬Pz��·OE`=�aÝX°a¬_J^`>@:?»;X°aQ�[_J^`>

σ̃
:LK):LP�XYPRHS:LP�\?=�PO¹v=�K@����^GPO^`��XYE®Û�X�HS:

>¯¼
ϕ(ζ) = σ̃u − iσ̃v

»;HRX�\eXYPb_J^�êRPRHS:h:LP�a]K]XePO>@E�XYa@^G=�P
τa
Xe¹
R3 »�>¯¼ σ̃ = τa ◦ σ

l
<:LPº�[_J^`>

ϕ(ζ) = σu − iσv = σ̃u − iσ̃v
»;HRX�:LK

σu = σ̃u
=�k
σv = σ̃v

=°_?:LK¯XYE`a
�¥¼

U
»¥�[_?=?KD��:IH

σ̃ − σ :LK)\?=�PO>@a¯XePWa�l¥0XeH=?>¬\eXeEGHS:#HS:LPOPO:#\�=?PO>Da¯XeP[a¬¹v=�K
a
»¥>¯¼

σ̃¹vKD:L��\?=�����:LK×_W:IHX°a9a]K]XePS>]E�X°a]:LK@:
σ
_W:IH�:LP�_?:L\[a]=�K

a
l

2 qJ{¢{}¤ä��û£o¥oRû N ���p���i
���K?=�<-g
���m1���U6=:O�������+���sm���@��1�9- �������s)9:O	(�Y�j��)9���O)9���
���k'.$�	��U!�	������U6=����
�
�'���)9���~�

R2 ���+�m� R3 B+Q ����	s��	(���9-/���,��!eh���-�-n������� A $(�f-/:T���8�����
�"!Y	����+�����

L
�j��)9���T
<$�

L =

∫ 2π

0

√√√√1
2

3∑

k=1

|ϕk(eiθ)|2 dθ

A =

∫ 1

0

∫ 2π

0

1
2

3∑

k=1

|ϕk(reiθ)|2r dr dθ.

cWâ



CD��)*��
 B �XeH γ(θ) = σ(cos θ, sin θ)
_?¾×K@:�:LP�¥XYK¯XY��:+a@:LK@^`>]:+K@^`POk�XY¹0��^GPS^G��XYE®Û�X�HJ:LP

¹vK]X�HS:LP�a@=JHS^`��:LPS>]^`=�P¥XeE`:':LPO�O:IHS>@>@\z^®_W:?»0>¯¼
σ
:LK#\?=�PO¹v=�K@��CF_J¹Ôl�>Â¾�a]PO^`POk}cJlG�LdOl�A2^

½�PO>@\?:LK9P[��XYa4êRPRHS:mE�¾×POkWHS:�=�k�XeKD:�XeE��RHJa]KËZJ\[a4_W:IH
ϕ
l

γ̇ =
∂γ

∂θ
= − sin θσu + cos θσv,

>¯¼

‖γ̇‖2 = 〈− sin θσu + cos θσv,− sin θσu + cos θσv〉
= (sin2 θE + cos2 θG− 2 sin θ cos θF ).

<:LPHRX
σ
:LK9\�=?PO¹�=?KD�»O:+K

E = G
=?k

F = 0
»O>¯¼

‖γ̇‖2 = (sin2 θ + cos2 θ)E = E.

ñ):LK]Xe¹�¹£¼YK4_J^�XYa)·S�O:LE�¾×POk?HS:LP
L
:LK4k?^®_W:+a4_W:IH

L =

∫ 2π

0

‖γ̇‖ dθ =

∫ 2π

0

√
E dθ,

=�k�HRX

‖ϕ‖2 = 〈ϕ, ϕ̄〉
= |ϕ1|2 + |ϕ2|2 + |ϕ3|2
= 〈σu − iσv,σu + iσv〉
= 〈σu,σu〉+ 〈σv,σv〉
= 2E,

¹£¼YK4_z^
L =

∫ 2π

0

√
1
2
(|ϕ1|2 + |ϕ2|2 + |ϕ3|2) dθ.

àQk�HRX�XYK@:�XYEG:Ua

A =

∫∫

u2+v261

√
(EG− F 2) du dv =

∫∫

u2+v261

E du dv,

êRPRHS:LK¿_J^

A =

∫ 1

0

∫ 2π

0

rE dθ dr =

∫ 1

0

∫ 2π

0

r 1
2
(|ϕ1|2 + |ϕ2|2 + |ϕ3|2) dθ dr.

c�Ö



2 qJ{¢{}¤ä�öû oJ� ÌA�e:LPO>@:LPO>9�OE`^Gk��O:IH¥Ð û HY)*��

0 < r < s X �.�p��	

( n∑

i=1

asi

)1/s

6
( n∑

i=1

ari

)1/r

,
Ì cSl �zÐ

�+[�	
n ∈ N ∪ {∞} $(� a1, . . . , an > 0 B
�^`k��O:IH�kW¾¿EGHS:LK9P¥¼YK9�O½�CF>Da):+a

ai
:LK9¹�=?KD>]\�:LE`EG^`kea¬¹�K¯X6P[�OEÎl

CD��)*��
 B ßO=?K ∑n
i=1 a

r
i = 0

:LK)�OEG^`k��O:IHS:LP�a]KD^`_z^G:LE »�HRX
ai
PO½zHJ_W:LPRHJ^Gke_J^`>Q��¼6_?¾×K@:-E`^`k

Pz�OE0¹v=�KÝXeE`E`:
i
»��W_W=?KD��:IH�=?k�>¯¼ ∑n

i=1 a
s
i = 0

l;�^`k?:LE`:IHS:L>Ý:+K2�OE`^`k?�S:IHS:LPºa]KD^`_z^G:LE0�[_J^`>
�O½�CÔKD:L>@^�HJ:LP^`\z\?:�:LK4:LPRHS:LE`^GkOl

NQP[aÂXYk
0 <

∑n
i=1 a

r
i <∞

lRÍ2XhêRPRHS:L>9:+a
λ
>¯¼

n∑

i=1

(λai)
r = 1,

PO:L��E`^`k'P¥¼YK
λ =

(∑n
i=1 a

r
i

)−1/r lö<:LP}HRX�:+K
(λai)

r 6 1
»;�[_?=?KD��:IH

λai 6 1
l�A2^

\eXePHS:+K@¹v=�K9>@:-XYa
(λai)

s 6 (λai)
r »S=�k

n∑

i=1

(λai)
s 6

n∑

i=1

(λai)
r = 1

Ì cSlÅfWÐ

VS¼h^G¹�½?E`k?:�ÌÎcJlÇf?Ð×¹£¼YK4_J^��OE`^Gk��O:IHS:+P
( n∑

i=1

asi

)1/s

= λ−1

( n∑

i=1

(λai)
s

)1/s

6 λ−1

( n∑

i=1

(λai)
r

)1/r

=

( n∑

i=1

ari

)1/r

.

2 qJ{¢{}¤ ��û£ozþ ÌÎ<^GPO\�=IT¬>@\z^`>��SEG^`k?�S:IH�¹v=�K�^GPWa]:Lk�K¯XYEG:+KÂÐ û&5 $�	
g1, . . . , gn

?@$�
��7����)9�
1[j-/�<-^�/�8�&-^������:O	��O����!(6=:O���j�G�8�O!(���='��7�V$��+��	 X $L� 0 < r < 1

�8:,-/����	
(∫ ( n∑

k=1

gk
)r
dx

)1/r

>
n∑

k=1

(∫
grk dx

)1/r

.
Ì cSl ±[Ð

7)EG^`k��O:IHS:LP:LK4¹v�OPRHS:+a)^ Ã ñQXYK]HJZ�:+aQXYEÎl Æ�>¯¾×a@PO^`POk�Iá�ÖS»RHS=�k��RHS:LP�EG^`k��O:IH�l
c�á



CD��)*��
 B ßOK¯X Ã Á4�RHS^`PSÆ�É4�O:+=?K@:+� nOlÅf6�¥XYK4_J^�ñ ��E�HS:+K@>)�OE`^`k?�O:LH
∫
fg dx 6

( ∫
f p dx

)1/p(
∫
gq dx

)1/q Ì cSlÇâ?Ð

�[_?=?K
p
=�k

q
:LK4\?=�P�CÔ�Ok�:LK@:IHS:m:+\z>@��=?PO:LPWa]:LKI»O=�k

1 < p <∞ l0XeH
r = 1/p

»RHJ_z>�l
0 < r < 1

=?k�E�X�H
r′ = r/(r − 1)

l¥VS¾×a

u = (fg)p, v = g−p,

A2^�¹£¼YK)HRX
uv = f p, ur = fg, vr

′
= gq.

ßRK]X�ñ �?EGHS:LKD>Q7)E`^Gk��O:IHèÌÎcJl â�Ð×¹£¼YK4_J^ »¥X°a
∫
urdx 6

( ∫
uv dx

)r(
∫
vr
′
dx
)1−r

.

Í)_J>Il
r
=�k

r′
\�=?P�CF�Ok?:+K@:IHS:m:L\[>]��=�PO:LP[a@:LK9=?k

0 < r < 1
»S�¥XeK4_z^

∫
uv dx >

(∫
ur dx

)1/r(∫
vr
′
dx

)1/r′

,
Ì cSl Ö[Ð

P¥¼YK
uv 6= 0

=?k
u
=�k

v
:LK9��=�>@^®a]^®_W:���¼eE`:LE`^`k?:m¹��OPO\[a]^`=�PO:LKIl

0XeH�Pz�
S =

∑n
k=1 gk

lSA2^��¥XYK)HS:LKD¹v=?K
∫
Sr dx =

n∑

k=1

∫
gkS

r−1 dx,

=?k�HRX
0 < r < 1

k�^`_?:LKK�e:LPO>@:LPO>9�OEG^`k��O:IH�»RE`:L����X�cJlG�Ic6=�>�»RXYa

S =
n∑

k=1

gk 6
( n∑

k=1

grk

)1/r

,

>¯¼
Sr 6

n∑

k=1

grk.

ÍÝX
0 6

∫
grk dx < ∞

¹�=?KÝXYEGE`:
k
»��¥XeK¬_J^%XYa2=�k�>Â¼

0 6
∫
Sr dx < ∞ l�VS¼�P¥¼YK

gkS
r−1 6= 0

»S¹£¼YK4_J^�¹vK¯X�ÌÎcJl â�ÐU»RXYa
∫
gkS

r−1 dx >
(∫

grk dx

)1/r(∫
Sr dx

)1/r′

,

n?d



�[_?=?KD��:IH
∫
Sr dx =

n∑

k=1

∫
gkS

r−1 dx >
n∑

k=1

(∫
grk dx

)1/r(∫
Sr dx

)1/r′

,

P¥¼YK
gk 6= 0

¹v=�K¬XYEGE`:
k
l�VS¼
(∫

Sr dx

)1/r

>
n∑

k=1

(∫
grk dx

)1/r

a\b ~°r0s|r����öû£oW��û Q ������
�$�?@��	��������	���
�'.�e�=-^�/��6=���p��	m$�?�!��9-/�j��!<$�	em���@����9- ��������	 B
CD��)*��
 B �XeH f : C → C

_?¾×K@:#:LPb�O=�EG=���=�K@¹¨¹v�OPO\[a@^`=?P�l�Vz\zK@^®_
f(D(0; 1)) = K ⊆

C = R2 lR�¾×POkWHS:+P Lf Xe¹�K¯XYPRHS:LP�Xe¹ f »O=�k�XYK@:�XYE`:+a Af XY¹ f »S:LK4k?^®_W:+a9_?:IH

Lf =

∫ 2π

0

|f(eiθ)| dθ, Af =

∫ 1

0

∫ 2π

0

|f(eiθ)|2r dθ dr.
ßRK]X6HS:LP^`>@=��;:+K@^`��:+a]KD^G>@\�:m�OE`^`k?�O:LH�_W:IH'_J^ »¥X°a

L2
f > 4πAf ,

>¯¼h�[_J^`>9_z^�·OK@�Ok�:LK)HS:Ua)�¥¼
ϕ = (ϕ1, ϕ2, ϕ3)

¹vK]XhPO=�a¯XYa@^G=�PbcJl âz»O¹£¼YK4_J^
(∫ 2π

0

|ϕk(eiθ)| dθ
)2

> 4π

∫ 1

0

∫ 2π

0

|ϕk(reiθ)|2r dθ dr.
Í2X�HS:+aDa]:�kW¾¿EGHS:LK9¹v=�K9�[_?:LKDa

k
>@�O����:+K4_z^�>¯XY����:LP�=�k�¹£¼YK

1
2

3∑

k=1

(∫ 2π

0

|ϕk(eiθ)| dθ
)2

> 4π

∫ 1

0

∫ 2π

0

1
2

3∑

k=1

|ϕk(reiθ)|2r dθ dr.
ÌÎcJlÅáWÐ

ñ)½�CFK@:L>@^�HJ:LPb:LKQE`^`k���:IH
4πA

¹vK]X�E`:L����X�cJlG���?l;é�K@�Sk?:LK¬_z^¿Ì cSl ±[Ð4�¥¼�_W:LPO>Da]KD:L>@^�HJ:LP�»
=�k�E�X�HS:+K

gk(θ) = |ϕk(eiθ)|2
»S¹£¼YK4_J^

1
2

3∑

k=1

(∫ 2π

0

|ϕk(eiθ)| dθ
)2

6
(∫ 2π

0

( 3∑

K=1

|ϕk(eiθ)|2
)1/2

dθ

)2

,
ÌÎcJlG�LdWÐ

�[_?=?K�_W:+PO>@a@K@:L>@^GHS:LP�:LK�EG^`k¢��:IH
L2 ¹vK¯X�E`:L����XècJlG���?l�VS¼�P¥¼eK�_J^9>¯XY����:LPO�O=�EGHS:LKE`:L����X�cJlG������:IHèÌ cSl á[Ð�=�kºÌÎcJlG�LdWÐ×¹£¼YK4_J^

L2 > 4πA.

nO�



 À3�ô�&4÷ .�&9(
A2^�>@\eXeE�>@:��¥¼h:LP�¹£Xe��^GE`^`:#XY¹�Û�XeHS:LKI»OHS:LK¬XYEGE`:m:+K9��^`PO^G��XeE®Û�XeHS:LKI»OPO:L��EG^`k

σ[t](u, v) = cos t(sinh v sinu,− sinh v cosu, u)

+ sin t(cosh v cosu, cosh v sinu, v).

ßR=�K
t ≡ 0

¹|¼eK¿_J^��O:LE`^`\?=�^�HJ:LP�»R��:+PO>4_J^�¹v=�K
t ≡ π/2

¹|¼eK9\eX°a]:LPO=�^GHS:LP�l
A2^�>@:LK¿X°a

σ[t](u, v)
:+K�:LP���^GPO^`��XYE®Û�X�HS:)_W:IH�X°a×·�:LK@:Lk�PO:

E,F,G, L,M
=?k
N
l

E = G = cosh2 v, F = 0,

−L = N = sin t cosh v, M = cos t cosh v.

Í2X
E = G

»
L+N = 0

=?k
F = 0

»O:LK4��^�HSHS:LEG\[K@�O��PO^`POk�:LPPz�OE

H =
LG− 2MF +NE

2(EG− F 2)
= 0,

>¯¼
σ[t](u, v)

:LK)��^`PO^G��XeE l;é�:L��¾×K@\X°aÝXYEGE`:-Û�XeHS:LK@PS:#:LK¬\?=�PO¹v=�K@��:?»�HRX
E = G

=�k
F = 0

l
0XeH�=?>ÞPz��>@:)�¥¼�:+P Ê ^GKD\?:LE`>@\z^`_?: CR ��:LH�K¯XeHS^G�O> R �¥¼ÝÛ�XeHS:LP�l?A2^RE�XeHS:LK�HS:LKD¹v=�K

u(θ) = r cos θ, v(θ) = r sin θ,

¹v=�K
0 < r 6 R

=�k
0 6 θ < 2π

»S=?k�·�:L��¾¿KD\?:LK)XYa du
dθ

= −v =�k dv
dθ

= u.A2^�\eXYP�êRPRHS:�=?��\[K@:IHS>9=?k�XYK@:�XYE�Xe¹0·O^`E`E`:IHS:+a�lRßR½�K@>Da9=?��\[K@:IHS>@:LPO>9E�¾¿POk?HS:

Lσ(CR) =

∫ 2π

0

(
E(du

dθ
)2 + 2F du

dθ
dv
dθ

+G(dv
dθ

)2
)1/2

dθ

=

∫ 2π

0

(
R2(sin2 θ + cos2 θ) cosh2(R sin θ)

)1/2

=

∫ 2π

0

R cosh(R sin θ) dθ,

>¯¼�XeKD:�XeE`:+a

Aσ(CR) =

∫∫

CR

(EG− F 2)1/2 dudv

=

∫ R

0

∫ 2π

0

rE dθdr

=

∫ R

0

∫ 2π

0

r cosh2(rsinθ) dθdr.

nWc



Í¬:+a6:+K6HS=�kº^`\z\?:�>¯¼�E`^Gk�:+a@^GE4X°ahK@:Lk�PO:'HS^`>]>@:�^`P[a]:Lk�K¯XYE`:LKh�RH�»���:LP���X°a]:+��XYa@^G\[�OK@=YÙ
k�K¯XY����:+a¬<bXe�OE`:�\�XYP�k�^`_?:m=�>9K@:L>@�OE®aÂX°a]:+aQXY¹0:+a):+\z>@:L����:LE l

V[ZJPO:L>)��XeP�HS:+a):LK9�¥¾×PO:LKD:?»O\�XYP
Aσ(CR)

>@\zKD^`_?:L>

Aσ(CR) =

∫ 2π

0

R4

4
+

2R2(sinh(2R sin θ))2 − cosh(2R sin θ)− 1

8 sin2 θ
dθ.

Vz:�¹Ôl :L\z>Il Ã V Ê �¥XY�O��ÆÎlÄ ¼�¹�=?K@>@^GHS:LP�XY¹%K¯XY�;=�KDa@:LPb>@:L>Q·O^`E`EG:IHS:Ua�Xe¹%:LP Ê ^GKD\?:LE`>@\z^`_?:#��:IH R = 4
»R=?k Ê :LPJÙa]KD�O� ^�=�K@^`k?=��¥¼#�O:LE`^ Ê =�^GHS:LP�l¥<:IH�HS:+a@a@:Ý:L\z>@:L����:LE�¹|¼eK×_J^ L ≈ 280

=?k
A ≈ 2500

»
>¯¼

(Lσ(CR))2 > 4πAσ(CR).
Í¬:LK9kW¾¿EGHS:LK¬XYE`a@>¯¼6^`\z\?:�E`^Gk��O:IHS>Da]:+k?P�l

0XeH�=�>9Pz��>@:Ý�¥¼6�[_�XeH�HS:LK4>@\?:LK4�[_J^`>4_J^�·�:+_�¾×k?:LK9=�>4_�¾¿\�¹vK¯X Ê :LPWa]:LK¯XY\z>@:LP��¥¼�O:LE`^ Ê =?^GHS:LP�»¥Hz_J>IlO�[_z^G>4_J^�E�XeHS:LK v _W=�\z>@:?lJA2^�êOPRHS:LKQÕ�XY�=�?\zKD�O��PO^`POk�:LP

K =
LN −M 2

EG− F 2
=
−1

cosh2 v
,

=�kÝ\�XYP�>@:?»?X°aBHS:LP�kW¼YK¨��=JH6P[�OES¹v=�K
v
_?=?\[>]:LPOHS:4��=zH�HS:+a¨�O:LPRHJ:LEG^`k�:?»��[_W=�K%·O^`EGE`:IHS:+a

·OE`^`_?:LK���:LKD:��SE�XYP�leVS¼9E�XYPOkea�¹�K¯X Ê :+P[a]:LK]Xe\z>@:LP-\eXeP-��XeP-¹�=?KD:L>Da]^`EGE`:�>@^Gk):LP Ê ^`K@\�:LE`>]\[^`_?:?»�[_?=?K¿_J^�\�=?����:LK¿_J^`E`\�¼YK@E`^`k�a9aÂ¾�a)�¥¼hEG^`k��O:IH�^�HS:LP^`>@=��;:+K@^`��:+a]KD^G>@\�:m�OE`^`k?�O:LH�l
Ä ¼4\eXYa@:LPO=?^GHS:LP->@\�XYEW_z^?_?¾×K@:B=?�O��¾×K@\[>]=�����:B�¥¼J»YX°a�_?:IHm:LP Ê ^GKD\?:LE`K¯XeHS^G�S>0>Da]½�K@K@::LPRH
π
¹|¼eKÞ_z^�:+a×=�_W:+K@E�Xe���¥¼m\eX°a]:LPO=�^GHS:LP�l Ä ¼�êRk��OK¿cJlG���¬:LK�K]X�HS^`�O>×�R¼ Ê ^`K@\zE`:LP�E`^`k 3

l

ÌÎcJlG���°Ð
AB:IH���:LE`E`:L��>DaÂXeHS^`:LK@PO:���:LE`E`:L�Ï�O:LE`^ Ê =?^GHS:LP=?k�\eXYa@:LPO=?^GHS:LP>@\eXeEö_J^ö_�¾¿K@:Ý=?�O��¾¿K@\?Ù>@=?����:2�¥¼6X°a¿Û�XeHS:LK@PS:Ý>@\�¾×K@:LK×>@^Gk6>@:LE®_ölOñ):LE`^`\?=�^�HS:LP':LK¿PO:L��E`^Gk6:LP'K@:Ua]E`^GPO^`:+a¿Û�XeHS:?l
<:LPäP¥¼YK-_J^Þk[¼YK#=�_W:LK-^Þ��:LE`EG:L��>@a¯X�HS^`:LKDPO:�_J^`E�E`^`PO^`:LK@PO:�XY¹v·�½�CÔ:�^ÞPO:Lk[X°a]^®_èK@:+a@PO^GPSk
�[_?=?K

v
:LK)PO:LkWXYa@^`_;»¥��:LPS>QHS:�_J^`E0Xe¹�·�½�CÔ:-^��;=�>@^®a]^®_�K@:Ua]PO^`POk��[_W=�K

v
:LK)��=�>@^`a@^`_;l¥ßR=�K

:LPE`^`EGE`:�_?¾×K]HS^�Xe¹
t
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